The probability distribution of words, p_j (see pg. 12 of poster)

To estimate entropy from a finite data set, it is crucial to know the properties of the underlying probability distribution from which the data was sampled. Specifically, for a probability distribution, p_j , the entropy computed from a finite data set depends strongly on the behavior of p_j when j is large. (Here and in what follows we rank-order the p_j , so that p_{j+1} ≤ p_j . Thus, large j corresponds to the tails of the distribution p_j .) As we showed in the poster, the estimate for an upper bound of the entropy becomes worse as the tails of the distribution become flatter. Moreover, for tails that are too flat, the upper bound can even turn into a lower bound, rendering the estimate useless.

Here we estimate the dependence of p_j on j when p_j are word probabilities, as calculated using the “direct” method [1] (see also poster page 5). We know of no rigorous way to estimate p_j in general, so we provide a really rough estimate. We do this by assuming that there are no temporal correlations in the spike train; that is, we approximate the spike count probability in each bin as independent of all other bins. Letting p_k(l) be the probability of observing l spikes in bin k (out of n bins), the independence assumption allows us to write p(l_1, ..., l_n) = n∏ k=1 p_k(l_k) (1)

where p(l_1, ..., l_n) is the probability of observing l_k spikes in bin k, k = 1, ..., n, and each of the p(l_1, ..., l_n) corresponds to a distinct p_j . To find out how p_j depends on j, we first solve the inverse problem – we find j(p), the number of words with probability greater than p – and then invert j(p) to find p_j .

The quantity j(p) is the number of configurations of the l_k such that p(l_1, ..., l_n) > p. Taking the log of both sides and using Eq. (1), this expression becomes ∑ k − log p_k(l_k) < − log p . (2)

To determine the number of configurations of the l_k that satisfies Eq. (2), j(p), it is useful to think of (− log p_1(l_1), − log p_2(l_2), ..., − log p_n(l_n)) as points in an n-dimensional space. Then, j(p) is simply the number of points below the plane ∑ k x_k = − log p, where the x_k are coordinates in the same n-dimensional space as the − log p_k(l_k).

We now make a second approximation, that the points points (− log p_1(l_1), − log p_2(l_2), ..., − log p_n(l_n)) are approximately evenly spaced; that is, log p_k(l) − log p_k(l + 1) = Δ_k, approximately independent of l. In that case, j(p) is proportional to the volume bounded by the n + 1 hyper-planes ∑ k x_k = − log p and x_k = − log p_k(0), k = 1, ..., n, with the constant of proportionality equal to [n! ∏ k Δ_k]^{−1}. Defining ∏ k Δ_k ≡ p_0, we thus have j(p) = [− log p + ∑ k log p_k(0)]^n n!p_0 . (3)

Inverting this expression and enforcing the normalization ∫_∞ 0 dj p_j ≈ 1, we arrive at

p_j ≈ p_0 exp[−(p_0n!j)^{1/n}] . (4)

This expression, which is identical to the one on page 12 of the poster, should provide a rough estimate of p_j .

References

1. Strong, S.P., Koberle, R., de Ruyter van Steveninck, R.R. & Bialek, W. Entropy and information in neural spike trains. Phys. Rev. Lett. 80, 197-200 (1998).